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a b s t r a c t

In a graph theory model, clustering is the process of division of vertices into groups, with a higher density
of edges within groups than between them. In this paper, we introduce a new clustering method for
detecting such groups and use it to analyse some classic social networks. The new method has two dis-
tinguished features: non-binary hierarchical tree and the feature of overlapping clustering. A non-binary
hierarchical tree is much smaller than the binary-trees constructed by most traditional methods and,
therefore, it clearly highlights meaningful clusters which significantly reduces further manual efforts
for cluster selections. The present method is tested by several bench mark data sets for which the com-
munity structure was known beforehand and the results indicate that it is a sensitive and accurate
method for extracting community structure from social networks.

� 2011 Elsevier B.V. All rights reserved.
1. Introduction rence of categorical data, (v) constraint-based clustering, (vi) clus-
Clustering is an important task for the discovery of community
structures in networks. Its goal is to sort cases (people, things,
events, etc.) into clusters so that the degree of association is rela-
tively strong between members of the same cluster and relatively
weak between members of different clusters. Merriam-Webster
(2008) defines cluster analysis as ‘‘a statistical classification techni-
que for discovering whether the individuals of a population fall
into different groups by making quantitative comparisons of multi-
ple characteristics.’’ Various clustering algorithms have been pro-
posed in the literature in many different scientific disciplines.
Jain (2009) broadly divided these algorithms into two groups: (i)
hierarchical method and (ii) partitional method. Hierarchical clus-
tering algorithms recursively find nested clusters either in agglom-
erative mode or in divisive mode. The most well-known
hierarchical algorithms are single-link and complete-link; in sin-
gle-link hierarchical clustering, the two clusters whose two closest
members have the smallest distance are merged in each step; in
complete-link case, the two clusters whose merger has the smal-
lest diameter are merged in each step. Compared to hierarchical
clustering algorithms, partitional clustering algorithms find all
the clusters simultaneously as a partition of the data and do not
impose a hierarchical structure. The most popular and the simplest
partitional algorithm is K-means (Steinhaus, 1956). Berkhin (2009)
listed another six classifications besides the above two main
groups: (iii) grid-based methods, (iv) methods based on co-occur-
ll rights reserved.
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tering algorithms used in machine learning, (vii) scalable
clustering algorithms, (viii) algorithms for high dimensional data.

In recent years, a growing number of clustering algorithms for
categorical data have been proposed based on various centrality
measures. For instance, vertex betweenness has been studied by
Freeman (1977) as a measure of the centrality to detect commu-
nities in a network; Girvan and Newman (2002) and Newman
and Girvan (2004) generalize vertex betweenness centrality to
edge in order to discover community structures; Frey and Dueck
(2007) devised a method called affinity propagation,which takes
as input measures of similarity between pairs of data points. New-
man (2006) utilizes the eigenvectors of matrices to find commu-
nity structure in networks; Rosvall and Bergstrom (2008) use the
probability flow of random walks on a network as a proxy for infor-
mation flows in the real system and decompose the network into
modules. Wu and Huberman (2004) propose an approach for dis-
covering the communities based on the property of resistor net-
works. For reviews see Refs. Newman (2004a) and Danon et al.
(2005).

A social network (Wasserman and Faust, 1994; Scott, 2000) is a
set of people or groups each of which has connections of some kind
to some or all of the others. A cluster is a collection of individuals
with dense relationship internally and sparse relationships
externally. Based on this criterion, we introduce a new clustering
method for detecting community structures. In this method, indi-
viduals and their relationships are denoted by weighted graphs,
then the graph density we defined gives a better quantity depict
of whole correlation among individuals in a community, so that a
reasonable clustering output can be presented. Compared with
other methods, this method has two important features:
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(1) A much smaller hierarchical trees that clearly highlight
meaningful clusters.

(2) Overlapping clusters.

To evaluate the effectiveness of our method, we applied it to
analyse some classic bench mark data sets whose clusters are al-
ready known. These data sets include Karate Club, Davis southern
club women, Dolphin, Books about US politics, American College
Football. The accuracy of the outputs in those classical benchmark
data sets is a supporting evidence of futhre applicability of the new
method.

The rest of the paper is organized as follows. In Section 2 we
introduce the details of the new dense subgraph clustering meth-
od. In Section 3 we apply it to some classic social networks and
compare its results with that of known clusters. Finally, a summary
and conclusions are given in Section 4.
2. A new clustering method

A graph or network is one of the most commonly used models
to present real-valued relationships of a set of input items. Let
G = (V,E) be a graph with the vertex set V and the edge set E with
weight w(e) on every edge e. Models with un-weighted graphs
(the weight of every edge is set to 1) have been extensively studied
in graph theory. In an un-weighted graph G, a subgraph H of G is
defined as a clique if every pair of vertices of H is joined by one edge
(Bondy and Murty, 1976; Diestel, 2005; West, 1996). It is well-
known that the search of maximum cliques in graphs is an NP-
complete problem (Gary and Johnson, 1979). Therefore, it is not
practical to define cliques as clusters. Furthermore, there is no
appropriate definition for a clique in a weighted graph. However,
in order to closely represent the nature and the real situation of
the inputs in most applications (different degrees of similarity for
clustering problems), we should use weighted graph models which
are much more appropriate than un-weighted models. For simpli-
fication or other practical reasons, many designers of clustering
methods may set a specific threshold, such as that any edge with
weight below the threshold is deleted and the remaining ones have
no associated weight. However, one may not be able to expect an
accurate output since the cut-off (by threshold) may cause a loss
of important information.

For a subgraph C(jV(C)j > 1), we define the density of C by

dðCÞ ¼
2
P

e2EðCÞwðeÞ
jVðCÞjðjVðCÞj � 1Þ : ð1Þ

As seen above, if w(e) = 1 for every edge e in C and d(C) = 1, then the
subgraph C induces a clique. For a weighted graph, a subgraph C is
called a D-quasi-clique if d(C) P D for some positive real number D.

Since clustering is a process that detects all dense subgraphs in
G and construct a hierarchically nested system to illustrate their
inclusion relation, a heuristic process is applied here for finding
all quasi-cliques with density in various levels. The core of the
algorithm is deciding whether or not to add a vertex to an already
selected dense subgraph C. For a vertex v R V(C), we define the con-
tribution of v to C by

cðv ;CÞ ¼
P

u2VðCÞwðuvÞ
jVðCÞj : ð2Þ

A vertex v is added into C if c(v,C) > ad(C) where a is a function of
some user specified parameters.

Instance: G = (V,E) is a graph with edge weights w :E(G) ´ R+.
Question: Detects D-quasi-cliques in G with various levels of D,

and construct a hierarchically nested system to illustrate their
inclusion relation.
Sub-Algorithm Growing(C,G):
(Grow a Community C in G)
while V(G) � V(C) – ;

begin
pick v 2 V(G) � V(C) such that c(v,C) is a maximum
if c(v,C) > and(C) then add v to C (where n = jV(C)j,
an ¼ 1� 1

2kðnþtÞ
with k P 1 and t P 1 as user specified parameters)
else return
end

Sub-Algorithm Decompose(G,w0):
(decompose a graph G into communities using edges with

weights at least w0).
Let E0 = {e 2 E(G) :w(e) P w0}
For each e = uv 2 E0 in decreasing order of w(e)
begin
if either u or v is not in any community
then

begin
create a new empty community C and add u, v in it
Growing(C,G)
end

end

Sub-Algorithm Merging(G):
For any two communities Ci and Cj in G, if jCi \ Cjj

> b min(jCij, jCjj) then merge Ci and Cj into a new community
C = Ci [ Cj (where b is a user specified parameter).

Contract each community to a vertex. The weight of an edge is
defined by

wðCi;CjÞ ¼
P

e2Ei;j
wðeÞ

jEi;jj

where the set of crossing edges Ei,j = {vivj :vi 2 Ci, vj 2 Cj, vi – vj}

Main-Algorithm
(generate hierarchic clustering tree or a graph G)
while E(G) – ;

begin
Choose w0 according to some criterion
Decompose(G,w0)
Merging(G)
Store the resulted graph to G
end

Trace the movement of each vertex and generate the
hierarchic tree.
3. Applications of the method in social networks

In this section we present a number of applications of our
method to some classic social networks for which the community
structure is already known and compare its results with that of
preceded methods.



Fig. 1. The network of friendships in the karate club study in Zachary (1977).

Fig. 2. Result of Girvan and Newman algorithm (Girvan and Newman, 2002).

Table 1
Matrix A: Attendance records of eighteen women.

1 2 3 4 5 6 7 8 9 10 11 12 13 14
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3.1. Zachary’s karate club study

The first social network is the well known ‘‘karate club’’ of
Zachary (1977). He observed 34 members of a karate club over
two years. During the course of observation, the club members
split into two groups because of the disagreement between the
administrator of the club and the club’s instructor, the members
of one group left to start their own club. Zachary constructed a
simple unweighted graph to show the friendships between two
Fig. 3. Result of modularity method (Newman, 2004b).
members of the club, each member in the club is represented by
a node, and edge is drawn if the two members are friends outside
the club activities. Fig. 1 shows the network, with the administra-
tor and instructor were respected by node 1 and 34 respectively.
Eleanor 0 1 0 1 0 0 0 1 0 0 0 1 0 0
Brenda 0 1 0 1 0 0 1 1 0 1 0 1 1 0
Dorothy 0 0 0 0 0 1 0 0 0 0 0 1 0 0
Verne 0 0 0 1 1 1 0 0 0 0 0 1 0 0
Flora 1 0 0 0 0 1 0 0 0 0 0 0 0 0
Olivia 1 0 0 0 0 1 0 0 0 0 0 0 0 0
Laura 0 1 1 1 0 0 1 1 0 1 0 1 0 0
Evelyn 0 1 1 0 0 1 1 1 0 1 0 1 1 0
Pearl 0 0 0 0 0 1 0 1 0 0 0 1 0 0
Ruth 0 1 0 1 0 1 0 0 0 0 0 1 0 0
Sylvia 0 0 0 1 1 1 0 0 1 0 1 1 0 1
Katherine 0 0 0 0 1 1 0 0 1 0 1 1 0 1
Myrna 0 0 0 0 1 1 0 0 1 0 0 1 0 0
Theresa 0 1 1 1 0 1 1 1 0 0 0 1 1 0
Charlotte 0 1 0 1 0 0 1 0 0 0 0 0 1 0
Frances 0 1 0 0 0 0 1 1 0 0 0 1 0 0
Helen 1 0 0 1 1 0 0 0 1 0 0 1 0 0
Nora 1 0 0 1 1 1 0 1 1 0 1 0 0 1
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Green square represent individuals associated with the adminis-
trator and red circle represent those associated with the instructor.

The algorithm of Girvan and Newman (2002) and modularity
method (Newman, 2004b) have been respectively used for detect-
ing the communities in this network. Figs. 2 and 3 show the hier-
archical trees of their results. Both of their divisions are almost
perfect except one node is classified incorrectly (see Node 3 in
Fig. 4. Result of

Fig. 5. Dendrogram of the groups found by our
Fig. 2 and Node 10 in Fig. 3). As a completely different approach,
the Kernighan–Lin algorithm (Kernighan and Lin, 1970) was also
applied to this network, it detects the two factions perfectly—every
vertex is correctly classified. Pointed out by Newman (2004b) that
an algorithm should look for groups of size 16 and 18, which are
the known size of the groups into which the network split. Giving
any other sizes will lead to ‘‘wrong’’ results.
our method.

method in Southern Club Women Network.



Fig. 6. Division of dolphins network in (Newman, 2006).

Fig. 7. The dendrogram of dolph

Fig. 8. Correct division
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Fig. 4 illustrates the output dendrogram derived by applying
our method to this network. One may notice immediately that
the biggest two groups corresponds perfectly with the actual fac-
tions observed by Zachary.
3.2. Davis southern club women

The data of the social participation of eighteen women in ‘‘Old
City’’ was collected by Davis et al. (1941). The data (see Table 1)
is a table with 18 rows—one for each woman—and 14 columns,
one for each ‘‘event’’ (such as a club meeting, a church supper, a
card party, etc.), held during the course of a year. For the simplicity,
we use number 1–18 denote the 18 women, then a matrix A is gen-
erated to record their attendances of events: A(i, j) is 1 if woman i
ins network by our method.

of political books.
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attended social event j, and 0 otherwise. The goal of the study was
to determine the clique structure according to their records of
attendances. The clique membership reported by Homans (1950)
is as follows. Group 1: 1, 2, 7, 8, 14, 15, 16; Group 2: 11, 12, 13,
17, 18; women not clearly belonging to either groups: 3, 4, 5, 6,
9, 10.

For the using of our method, we define cell (i, j) of the symmet-
ric matrix is the inner product of the ith and the jth row in matrix
A. Then the dendrogram of the output is illustrated in Fig. 5. It is
easy to know from the figure that the 18 women are mainly di-
vided into 2 groups, one includes 4, 11, 12, 13, 17, 18, the other in-
cludes 1, 2, 7, 8, 10, 14, 15, 16, the rest 4 women (3,5,6,9) not
clearly belong to either groups. This result is identical with the re-
sult of duality method in (Breiger, 1974). Both of the two divisions
correspond almost perfectly to the alignments of Homans except
tow women (4 and 10) are misclassified.
Fig. 9. Result of algorithm of Girvan and

Fig. 10. Result of our meth
3.3. Dolphin’s network

The next social network was constructed from observations of a
bottlenose dolphin community (Lusseau et al., 2003; Lusseau,
2003; Lusseau and Newman, 2004). There are 62 nodes and 159
edges in this network: nodes represent the dolphins, edges
between nodes represent associations between dolphin pairs
occurring more often than expected by chance. This network is
interest because, during the course of the study, the dolphin group
split into two smaller subgroups following the departure of a key
member of the population. The subgroups of the actual division
in (Newman, 2006) are represented by the shapes of the vertices
(see Fig. 6), the squares and circles represent the actual division
of the network observed when the dolphin community split into
two as a result of the departure of a keystone individual. The
individual who departed is represented by the yellow triangle.
Newman (2002) in political books.

od in political books.
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The dotted line denotes the division of the network into two equal-
sized groups found by the standard spectral partitioning method.
The solid curve represents the division found by the method based
on the leading eigenvector of the modularity matrix in (Newman,
2006). Its result corresponds quite closely to the actually split—
all but 3 of the 62 dolphins are misclassified.

We have also applied our method to this network, the result is
shown in Fig. 7 which corresponds perfectly with the actual divi-
Fig. 11. Actual communities of

Fig. 12. The dendrogram generated by the al
sion. The algorithms of (Newman and Girvan, 2004) and Newman
(2004a) also give precisely the same result.

3.4. Political books network

The dataset of books about US politics compiled by Krebs
(2009). The 105 nodes represent 105 books about US politics sold
by the online bookseller Amazon.com. The 441 edges represent
US college football teams.

gorithm of Girvan and Newman (2002).



Fig. 13. Division of US college football team network by our method.

Fig. 14. The relationships between nodes and their clusters in Santamaria and
Roberto (2008).
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frequent co-purchasing of books by the same buyers, as indicated
by the ‘‘customers who bought this book also bought these other
books’’ feature on Amazon. The nodes have been given values ‘‘l’’,
‘‘n’’, or ‘‘c’’ to indicate whether they are ‘‘liberal’’, ‘‘neutral’’, or ‘‘con-
servative’’. These alignments were assigned separately by Newman
(2009) based on a reading of the descriptions and reviews of the
books posted on Amazon (see Fig. 8, the three clusters are illus-
trated using three different shapes and colors: black square for
‘‘liberal’’ books, red circle for ‘‘conservative’’ books and green trian-
gle for ‘‘neutral’’ books). The goal is to detect these clusters that
represent the different political orientations of the books.

If the algorithm of Girvan–Newman is applied to this dataset,
the books will be classified into 3 clusters (see Fig. 9). Compared
with the correct classification in Fig. 8, it has 17 books are classified
incorrectly: (1,5,7,8,19,29,47,49,53,59,65,66,69,77,78,104,105).

Feeding this network into our method, the results are shown in
Fig. 10. The books are classified into 3 clusters; the number of
incorrectly classified books is also 17: (1,5,7,8,19,47,49,51,53,
59,65,66,68,69,77,78,86).

3.5. US college football

The next dataset is taken from another classic studies in social
networks: US college football (Girvan and Newman, 2002). This
network representing the schedule of games between American
college football teams in 2000 season. 115 teams are divided into
‘‘conferences’’ containing about 8 to 12 teams each. They play an
average of about 7 intra-conference games and 4 inter-conference
games in a season. Fig. 11 shows the actual conferences. The den-
drogram generated by the edge betweenness algorithm (Girvan
and Newman, 2002) is shown in Fig. 12, the number of misclassi-
fied teams is 11.
The result of our method is illustrated in Fig. 13, which indicates
some improvement of accuracy: the number of misclassified teams
is 10.
3.6. An example of overlapping

Most of clustering methods generate non-overlapping groups,
which are useful for graph drawing but are not as good for group
analysis, since real social groups are usually more complex, involv-
ing different degrees of overlap among groups. In this section we
use an example in (Santamaria and Roberto, 2008) to illustrate
the overlapping feature of our method.

Fig. 14(a) shows three groups are represented as complete sub-
graphs. Fig. 14(b) shows edges are hidden and replaced by trans-
parent hulls wrapping the elements in each group. The elements
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like n4, present in the three groups are highlighted by hull overlap-
ping. Our method also give the same result precisely.

4. Conclusion

In this paper, we introduce a new clustering method for detect-
ing community structure in network and use it to analyse some
classic social networks. Compared with the existing methods, the
new method has two distinguished features:

(1) A much smaller hierarchical trees that clearly highlight
meaningful clusters. It was pointed out in SAS/STAT User’s
Guide (SAS Institute Inc, 2003), ‘‘there are no completely sat-
isfactory methods for determining the number of population
clusters for any type of cluster analysis’’. Hence, a relatively
small hierarchical tree in an output will significantly reduce
the human involvement in the final selection of clusters. In
Figs. 2 and 3, one may notice that each hierarchical tree
(for karate club) with 34 leafs (inputs) has 33 internal nodes.
With the new method, the hierarchical tree (see Fig. 4) con-
tains only 22 internal vertices. Similarly, a hierarchical tree
for women club with 18 leafs usually have 17 internal nodes,
while the tree in Fig. 5 has only 8 internal vertices.

(2) The feature of overlapping clustering does reflect the com-
plexity of our real world. One may notice the overlapping
clustering feature in Fig. 4: At the right end of the graph, a
small group of club members {24,30,33,34,9,31} hold
multi-memberships in three internal clusters (internal nodes
on the third level, right end). The overlapping clustering is a
concept that has recently received increased attention in
(Palla et al., 2005; Pereira-Leal et al., 2004; Futschik and Car-
lisle, 2005), etc. One may also notice this feature in Fig. 14: The
element n3 and n7 present in two groups and the node n4 pre-
sents in three groups. According to mathematical definition in
graph theory, the ‘‘hierarchical trees’’ in Figs. 4 and 14 are not
really trees – they are hierarchical networks in which the rela-
tions of clusters are hierarchically nested.

For further research, we will consider to develop an automated
value selection method for each parameter: Determine a function
for each parameter in terms of some structural information of
the input graph, so that graphs with different structures (density,
connectivity, locally or globally) will be automatically assigned
proper values.
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Appendix A. The main algorithm in detail

Step 0. w0 cmax{w(e) :"e 2 E(G)} where c (0 < c < 1) is a user
specified parameter.

Step 1. (The initial step) Sort the edge set {e 2 E(G) :w(e) P w0} as
a sequence S = e1, . . . ,em such that w(e1) P w(e2) P � � �P
w(em). l 1 where l is the indicator of edges, p 0
where p is the indicator of communities, ‘ 1 where ‘ is
the indicator of the levels in the hierarchical system, and
L‘  ; where L‘ is the community sets in the ‘th hierar-
chical level.

Step 2. (Starting a new search). p p + 1, Cp  V(el). L‘  
L‘ [ fCpg.

Step 3. (Growing)
Substep 3.1. If V(G) � V(Cp) = ;, go to Step 4, otherwise choose
v 2 V(G) � V(Cp) such that c(v,Cp) is a maximum. If
cðv ;CpÞP andðCpÞ; ð3Þ

where n = jV(Cp)j and an ¼ 1� 1
2kðnþtÞ with k P 1 and

t P 1 as user specified parameters, then
Cp Cp [ {v} and go back to Substep 3.1.
Substep 3.2. l l + 1. If l > m go to Step 4. Otherwise continue.
Substep 3.3. Suppose el = xy. If at least one of x; y R

Sp�1
i¼1 VðCiÞ

then go to Step 2, otherwise go to Substep 3.2.
Step 4. (Merging)
Substep 4.1. List all members of L‘ as a sequence C1, . . . ,Cs such

that
jVðC1ÞjP jVðC2ÞjP � � �P jVðCsÞj; ð4Þ

where s ¼ jL‘j. h 2, j 1.

Substep 4.2. If jCj \ Chj > b min (jCjj, jChj) (where b (0 < b < 1) is a

user specified parameter), then Cs+1 Cj [ Ch and
the sequence L‘ is rearranged as follows:
C1; . . . ;Cs�1  deleting Cj;Ch from C1; . . . ;Csþ1

ð5Þ

s s � 1, h max{h � 2,1}, and go to Substep 4.4.

Substep 4.3. j j + 1. If j < h go to Substep 4.2.
Substep 4.4. h h + 1 and j 1. If h 6 s go to Substep 4.2.

Step 5. Contract each Cp 2 L‘ as a vertex:
VðGÞ  VðGÞ �
[s

p¼1

VðCpÞ
" #[

fC1; . . . ;Csg; ð6Þ

wðuvÞ  wðCi;CjÞ ¼
P

e2Ei;j
wðeÞ

jEi;jj
; ð7Þ

if the vertex u is obtained by contracting Ci and v is ob-
tained by contracting Cj where the set of crossing edges
Ei,j = {xy:x 2 Ci, y 2 Cj, x – y}. For t 2 V(G) � {C1, . . . ,Cs}, de-
fine w(t,Ci) = w({t},Ci). Other cases are defined similarly.
If jV(G)jP 2 then go to Step 6, otherwise go to END.
Step 6. ‘ ‘þ 1;L‘  ;;w0  c maxfwðeÞ : 8e 2 EðGÞg, and go to
Step 1 (to start a new search in a higher level of the
hierarchical system).
END.

If the input data is an unweighted graph G, the adjacency infor-
mation are used for establishing the similarity matrix of G. Let
A = (aij) be the adjacency matrix of G where

aij ¼
1; there is an edge between node i and node j;

0; otherwise:

�
ð8Þ

then the inner product of the ith and the jth row of A is used to de-
scribe the similarity between node i and j and stored as G(i, j) in the
similarity matrix G.
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