Compute the (double integral) Riemann sum

Example (1) Approximate the integral

//R(ZLJU3 + 6zy?)dA

over the rectangle R = [1, 3] x [—2, 1] by partitioning R into six unit squares Ry, - -, Rg and

by selecting each (x},y;) as the lower left corner of the rectangle R;.

Solution: As the lower left corners of these unit squares are at (1, —2), (2, —2), (1, —-1),(2,—1),(1,0)

and (2,0), Therefore, the corresponding Riemann is

6

Do fafy)AA = f(L-2)1) + f(2,-2)(1) + f(1,-1)(1) + f(2,-1)(1) + f(1,0)(1) + £(2,0)(1)
=1
= 284+80+10+44+4+ 32 =198.

Example (2) Approximate the integral

//R(fv2+y2)dz4

over the rectangle R = [0, 2] x [0, 3] by partitioning R into six unit squares Ry, ---, Rg and
by selecting each (z},y;) as the upper right corner of the rectangle R;.

Solution: As the upper right corners of these unit squares are at (1,1), (2,1), (1,2),(2,2), (1, 3)

and (2, 3), Therefore, the corresponding Riemann is

6

Do flaly)AA = F(LDA)+ F(2, 1)) + f(1,2)(1) + f(2,2)(1) + F(1,3)(1) + £(2,3)(1)
=1
= 24+5+5+8+10+13 =43.

Evaluate double integrals over rectangular regions

Useful facts: If f(z,y) is continuous on the square region R = [a,b] X [c, d], then

/ab /Cdf(:c,y)dyd:c = /ab (/Cd f(x,y)dy> da.

Example (1) Evaluate
1 4
/ / 22y dydz.
—2.J2



Solution: Convert the double integral into iterated integrals:

4
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Example (2) Evaluate
3 -1
/ / (z3y — zy®)dydz.
1 J-3

Solution: Convert the double integral into iterated integrals:
3 -1 3 r—1 3 r—1
/ / (3y — zy)dyde = / / :c?’ydydx—/ / zydydx
1 J-3
= / 3dm/ ydy — /mdw/
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Example (3) Evaluate

JI G ) e

Solution: Convert the double integral into iterated integrals:
2 /3
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= /1 ($ln3+2—xln1—2>daz
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