Compute double integrals in polar coordinates

Useful facts: Suppose that f(z,y) is continuous on a region R in the plane z = 0.
(1) If the region R is bounded by @ < 0 <  and a < r < b, then

//Rf(x,y)dA = /abeta /abf(r cos B, rsin 0)rdrdf.

(2) If the region R is bounded by o < 6 < 8 and r1(0) < r < r3(f) (called a radially simple
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//f(x,y)dA:/ / f(rcos@,rsin@)rdrdd.
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Example (1) Find the volume of a sphere of radius a by double integration.

region), then

Solution: We can view that the center of the sphere is at the origin (0, 0,0), and so the equation
of the sphere is 22 + 32 + 22 = a®?. We then can compute the volume of the upper half part of
the sphere and multiply our answer by 2.
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To compute this integral, we observe that the polar coordinates may be a better mechanism

in this case. With polar coordinates, the function z = \/a? — 22 — y2 becomes z = Va2 — r2,

over the region —7 < 7 and 0 < r < a. Therefore, using polar coordinates, we have (using

u=a®—r? and 2rdr = —du to start with)
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Example (2) Find the area of the region R bounded by one loop of r = 2 cos 26.

Solution: In the interval [—m, 7] of 0, cos20 = 0 exactly at § = £7 and 0 = j:%”. For one
loop, this is the case when a = —% and 8 = 7, while r; = 0 and ro = 2cos26. Use the fact
that sin =F i“ = +1 to get

s 2 cos 20 % T
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Example (3) Find the area of the region R inside the smaller loop of r =1 — 2sin6.
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Solution: In the interval [—m, 7] of 6, sinf = 3 exactly at @ = £7 and 6 = £37. For the
smaller loop, this is the case when o = 7 and 8 = °f, while r; =0 and ro = 1 — 2sin . Thus

1—2siné _
A= //dA / / rdrd@—/ £ (1= 2251“9) ao = 2T 23‘/3.

Example (4) Find the volume of the solid that lies below the surface z = 2% + y? over the

region R bounded by r = 2cos .



Solution: In the interval [—m, 7] of 6, cosf = 0 exactly at § = 7. This is the case when

a=—7 and 8 = 5, while 1y = 0 and r2 = 2cos 6. Thus
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Example (5) Evaluate the double integral

dydzx.
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Solution: Change to polar coordinates. Then
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Example (6) Find the volume of the solid that lies below the surface z = 1+ z and above the
plane z = 0 over the region R bounded by r =1 + cos#.

Solution: In the interval [—m, 7] of 6, cos = —1 exactly at § = £x. This is the case when

o= —7 and 8 = 7, while r;y =0 and r9 = 1 + cos 6. Thus
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Example (7) Find the volume of the solid bounded by the paraboloid z = 12 — 222 — y? and
2z =2 + 2y°.

Solution: The intersection of the two surfaces , when projected down to the z = 0 plane,
is the common solution of both z = 12 — 222 — y? and z = 2? + 2y?, which is a curve with
equation 3z2 4 3y? = 14, or z? + y?> = 4 on the plane z = 0. In terms of polar coordinates, the
region R bounded by this curve (a circle centered at the origin with radius 2) is also bounded
by —m <60 <7mand 0 <r < 2. The top surface is z = 12 — 22 — y2 and the bottom one is
z = 2% + 292, Thus
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-7 JO 4 0



